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Abstract 
The paper examines some relationships between minimal generating sets of prime ideals of 
height 2, which are quasi-complete intersections. By characterizing the ideals p(n,, n2, n3) of 
monominal curves in pz with p(p(n,, n2, n3)) = 4, which are quasi-complete intersections, it is 
shown that our results are best possible. IQ 1998 Elsevier Science B.V. All rights reserved. 
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0. Introduction 
Quasi-complete intersections may well have been at the center of the Perron-Severi 
controversy about the Vahlen quintic (see [3,5,7]). Thus, algebraic sets which are, or 
are not quasi-complete intersections (q.c.i), are of mathematical as well as historical 
interest. In this paper we investigate q.c.i. ideals which are prime and of height 2. Our 
setting is projective n-space P” in general, and P3 in particular. In Section 1 we define 
q.c.i. ideals and for the convenience of the reader, state a theorem from [6], which is 
needed then to prove two results for generating sets of q.c.i. ideals, which are prime 
and of height 2. In Section 2 we investigate q.c.i. ideals p(nl, n2, n3) of monomial 
curves in P3. This enables us to show, that in a sense to become apparent from the 
content of the paper, our results is Section 1 are best possible. For p(p(nl, n2, n3)) = 4 
(here and throughout the paper /J denotes the smallest possible number of generators), 
we obtain a characterization of these q.c.i. ideals. 
1. Two properties of generating sets of prime q.c.i. ideals p, k(p)=2 
Let R:=K[x,,,..., x,], II 2 3, be the polynomial ring in n + 1 indeterminates over 
a field K, a a homogeneous ideal in R and m:= (x,, , . . . , x,)R. 
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Definition 1.1. a is a q.c.i. ideal on m + 1 elements if: 
(i) a is unmixed, i.e. ht(p) = At(a) for all p E Ass(R/a), and m = ht(a). 
(ii) There exist m + 1 homogeneous elements FO, . . . , F, in a such that (F,, . , F,,,) R = 
anq, q m-primary. 
For the sequel we need: 
Proposition 1.2. For a homogeneous prime ideal p s R the following are equivalent: 
(i) p is a q.c.i. ideal on m + 1 elements F,, . . . , F,,, in p. 
(ii) l(p/(F,, . . , F,)R) < co (with 1 denoting length). 
(iii) nl,=r =(F&,=l, . . , FmlX,=l)Ri whereRi := K[x~ . . . Xi-l, Xi+1 . . . x,] and . . . IX,=1 
denotes the image of . . . under the substitution map R --+ Ri given by xj H xj, j # i, 
XiHl. 
Proof. This follows from the basic facts in commutative ring theory and is left to the 
reader. 0 
As indicated in the introduction, pivotal for the next two results are the following 
definition and theorem. 
Definition 1.3 (Sttickrad [6]). A homogeneous ideal a G R is a generic complete 
intersection if aR, is a parameter ideal in R, for all prime ideals p of R with p 2 a and 
ht(a) = dim(R,). 
Theorem 1.4 (Stiickrad [6]). Assume K is infinite. Let a be an unmixed homogeneous 
ideal in R with a a generic complete intersection, ht(a) =: m < n. Then a is a q.c.i. on 
m + 1 homogeneous elements F,,, . . , F,,, of degree do, . . . ,d, iff 
(a) (F,, . ,F,JR = ant, ht(c) 2 m + 1. 
(b) l(Hi;“(R/a)) < cc (here Hz-“‘(R/a) is the (n - m)th local cohomology module of 
RJa with respect to m). 
(C) fly=odi = (Cz, i - d 2n + m) h,(R/a) + 2hI (R/a) (here h,, and hl are thejrst and 
second coefticients of the Hilbert polynomial). 
We are now ready to begin proving our results on generating sets for prime q.c.i. 
ideals p, ht(p) = 2. We start with a lemma. 
Lemma 1.5. Assume K is in$nite. Let p be a homogeneous prime ideal in R, ht(p) = 2 
and p a q.c.i. on the homogeneous elements F,, F1, F2 of degree do, dI, d2. Zf u(p) 2 3, 
then F1, F,, F3 are irreducible. 
Proof. Let i E (0, 1,2} and set {j, l} := (0, 1,2)\(i). If D is a nonconstant common 
divisor of Fj, Ft;, then p = (F,, PI, F,)R :R (m) [the set of elements which are multi- 
plied by a power of m into (F,, F1, FJR] E (Fi, D)R :R (m) = (Fi, D)R, i.e. 
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p = (Fi, D) R, since p is prime and /n(p) = 2, a contradiction. Thus, hr((Fj, Fl) R) = 2. 
Since Fj, FL E p and ,u(P) 2 3, we have dim(p/Fj, FJ R) = n - 1 = dim(R/p) = dim(R/ 
(Fj, FL) R) (here dim( ... ) denotes Krull dimension of . ..). This implies 
djd, - h,(R/p) = h,(R/ (Fj, FJR) - h,(R/p) = h,(p/(Fj, FJR) > 0. Therefore (by The- 
orem 1.4) we get 
&, = (dj + dl- 2n + 2) &(Rln) + 2h1 (R/P) 
I 
djdl - &(R/‘P) 
> 
that is di is uniquely determined by dj and dL. Suppose now that Fi is reducible, 
Fi = Fi F[ with nonconstant polynomials Fi and F:. Then one of them, say Fi, is in p. 
We obtain n = (Fi, Fj, FJ R :R(m) E (F;, Fj, Fi) R:R (??I) E p :R (m) = n, i.e. n = 
(Fi, Fj, F,) R :R (m) and hence, p is a q.c.i. on F/, Fj, F,, which contradicts our degree 
equation. 0 
Theorem 1.6. Assume p c R is a homogeneous prime ideal, ht(p) = 2, p(p) 2 3 and p 
is a q.c.i on homogeneous polynomials F,,, F1, F,. If 23 is an arbitrary minimal 
homogeneous generating set of p, then there are BO, B1, B, in 93 such that (%\{B,, B1, 
B2})u{F,, F1, F,j is a minimal homogeneous generating set of p. 
Proof. We first show that we may assume K to be infinite. If K is finite, let t be a new 
indeterminate over K, let R = K(t)[q,, . . . , x,], p := pR. Then p is prime in R and p is 
clearly again a q.c.i. on FO. F1, F2 in ii and if % is a minimal homogeneous generating 
set of p, it also has this property for n. But then, if the statement of the theorem is true 
for an infinite field of coefficients, (%\(B,, B1, B,})u{F,, F1, F2} is a minimal 
homogeneous generating set for @, which then has the same property for p, since it is 
in p and p = 15 n R. We assume therefore K to be infinite. Let i E (0, 1, 21, {j, I) := 
{O, 1, Z}\(i} and 23i := 23\{Fj, Fi}. Assume Fi = CBEB, ABB + AjFj + A,Fl such that 
for all B E 23i, deg(AJ + deg(B) = deg(Aj) + deg(Fj) = deg(A[) + deg(FJ = deg(Fi) 
and Aj = 0 (respectively, Al = 0) if Fj$8 (respectively, if FL+%). 
Suppose that AB = 0 for all B E %i with deg(B) = deg(Fi) =: d. If [R] 1 and [pld_ 1 
denote the elements of degree 1 in R and degree d - 1 in p, we then have 
Fi E ([R]l[p]d_ 1) R + (Fj, FL) R since AB is a sum of monomials. Let q E Ass(R/ 
(Fj, F,)R\(p}. (Since Fj, Fl are irreducible, in p, and ht(p) = 2 = ht((Fj, F,)R), 
p E Ass(R/(Fj, Fl) R.) If [n]d_i E q, then (Fi, Fj, Fl) R c 9, since (Fj, Fl)R G q and 
therefore, p = (Fi, Fj, FL) R :R (m) G q, clearly a contradiction since (Fj, Fl) R is un- 
mixed of height 2. Thus, [pJ_i $ q for all q E Ass(R/(Fj, F,)R\{p). Let b be the 
p-primary component of p2 + (Fj, Fl) R(b = ($R, + (Fj, FL) R,)A R). Since pR, = 
(Fi, Fj, F,)R, = bR, + (Fi) R,, we deduce that the R&R, vector space pR,/bR, is 
generated by the residue class of FL, i.e. we have either b = p (in which situation 
(Fj, FL) R, = pR, by Nakayama’s Lemma) or b c p and bR, + (F) R, = pR, for any 
F E n\b (thus (F, Fj, Fl) R, = pR, by Nakayama’s Lemma). Now, choose G E [P]~_ i, 
G$q for all q E Ass(R/(Fj, Fl) R)\p and G&b if b c p (a possible choice since K is 
infinite and [pld_ 1 E b implies Fi E 6, i.e. b = p). Next let H E [RI1 with H$q for all 
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q E Ass(R/(Fj, FJ R) (again possible since K is infinite). Then (GH, Fj, F[) R = p n r 
with ht(r) 2 3 and, therefore, the elements GH, Fj, Fi satisfy Theorem 1.4(a). 
Since deg(GH) = d = deg(Fi), Theorem 1.4 (c) is obtained. Since Theorem 1.4 (b) is 
automatically fulfilled by assumption on p (it is a q.c.i), p is a q.c.i. on GH, Fj, Fi. This 
is a contradiction to Lemma 1.5. 
Therefore, there is a B E 2V9i with deg(B) = deg(FJ = d and As E K\(O). Fi can be 
substituted for B E !& This completes the proof. 0 
Theorem 1.7. Assume that K is an infinite field. Let p cz R be a homogeneous prime 
ideal, ht(p) = 2, u(p) L 3 and p is a q.c.i. on the homogeneous elements F,, F1, F2 of 
degree da, dl, dz, do < d1 I dz. Let ‘Z3 := {B,, . . . , B,} be afixed homogeneous minimal 
generating set of p with deg(B,) < ..’ < deg(B,). Set 
i 
1 if B&p2 R,, 
s := 
min{ilBi$p2R, if B0 E p2Rp. 
Then do = deg(B,), d1 = deg(B,) and there is a homogeneous polynomial BE p with 
deg(B) = d2 such that p is a q.c.i. on B,,, B,, B. 
Proof. Either Fo$p2 R, or F1 $p2. R, (otherwise the R&R, vector space pR,/p2R, 
would be generated by the residue class of F2, since pR, = (F,, F1, Fz)R,, which 
contradicts that rank of pR,/p2R, over R&R, is 2). It is clear that deg(B,) I do. We 
need to show that deg(B,) I dl. This is clear if s = 1. Assume s 2 2. Then 
B 0, . . . . B,_1~p2R~.Ifdeg(B,)>d,,thenFo,F,~(Bo,...,B,_1)R,c~2Rp,whichwe 
have shown to be impossible. Therefore, deg(B,) I dl. Since all elements of 23 are 
irreducible, ht((B,, BJR) = 2. Let q E Ass(R/B,, B,)R)\{p}. Since p is locally gener- 
ated by [p&,, [p&, $ q. Let b denote the p-primary component of p2 + (B,, B,) R. 
Since by the definition of s we have over R,/pRP rank(pR,/bR,) I 1, we obtain as in 
the proof of Theorem 1.6 that either b = p or b c p and in the latter case 
(B,, B,, B)R, = pR, for any BE p\b. If [p&, g 6, then p = (F,,, F1, F2)R :R (m) = 
((FO, F1, F2)Rnmd2):R(m) C ([p]d,R:R(m) E 6, i.e. b = p. Hence, as before, we 
have an element B E [p]d, such that B#q for all q E Ass(R/(BO, B,)R)\{p} and B$b if 
b c p. As in the proof of Theorem 1.6, BO, B,, B satisfy condition (a) in Theorem 1.4. 
The same is true for GBO, HB,, B, provided G E [R]do_deg(&,) and HE [R]d,_degorj are 
selected to be “sufficiently generic”. But these elements then also satisfy (c) in Theorem 
1.4. Since, as before, (b) is satisfied by hypothesis on p, p is a q.c.i. on GB,,, HB,, B. 
Thus, by Lemma 1.5, G and H must be nonzero constants, i.e. do = deg(B& d1 = 
deg(B,) and p is a q.c.i. on B,,, B,, B. 0 
2. Q.c.i. ideals of monomial curves in P3 
Let R := K[xo, . . . ,xJ with K infinite, p(nl, n2, n3) the prime ideal with generic zero 
@“,,, t”d-“’ t;‘, t”d-“’ t;‘, t;S), n1 < n2 < nj positive integers with g.c.d.(ni, n2, n3) = 1. 
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By [2], p(nr, n2, n3) has a canonical set of binomials CB, which form a minimal set of 
homogeneous generators. 
For the remainder of this section we assume p(p(n,, n2, n3)) = 4. By [l, 21 we then 
have the following three cases for %( -) and S,( -), the matrix of the first syzygy module 
w.r.t. the minimal binomial generating set 23 = {B,, B2, B3, B4) of p(ni, n2, n3). 
a,,-@.,, I. 23(I) = {x2” x5;1* X:3 - x”l’ =: B,, xg @Y2+a12 *2 
_ X;,-%I Xy-“‘? =: B2, x”d” x”; 
- Xb;J’ x*2” =: B,, X22 + 23x2 2a,o-a10 a,-2a,, 
-X0 Xl 
2a,-a,3 _. 
x3 -. B4) with all exponents in 
B1, B2, B3 greater than 0. 
I 
X"z" - G” xa313 - Xal(-a3’ 0 
a3-=,3 
X3 
_ Xc;,’ _ X”d” - a30 X2, 0 
S,(I) = 
0 Xp or,-2331 -X1 
Q-al? 
X3 
_ X;o-a’o . 
0 zalo-alo X0 X; 
a,>+a,, 
- X2 
_ Xal,, 
11. %@I) = {x”d” x; _ x”l’ =: B1, x;“-a30 Xa;+aJz _ Xy-a’l x: =: B2, x”o”” x: _ xy’ x;z =: 
B3, Xa;+2a32 _ X;a”O-a,~ X;i-2%1 X;a, =: B4), 
S1(II) = x*; -x1 1 
2 - x”o”” - XT1 -a3’ 0 
oL31 _ xyal” XT 
0 
0 co2 X2 
4,-k, 
-X1 X”; - XTYO 
0 2a3o-a,, x0 X”; - -XC;2+GI’i - xal,l 1. 
Remark 2.1. We note that the matrices S,(-) are simply obtained by eliminating 
monomial terms between generators. 
Using this notation we prove: 
Lemma 2.2. (i) Let 1 < i < 4. The ideal generated by the entries of the ith column of 
S,( -) is m-primary ifand only ifwe are either in case II, i = 2 and 2a3, = c(lo or we are 
in case III, i = 3 and 2azI = a,. 
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(ii) Assume that for each column of S1 (-) the ideal generated by its entries is not 
m-primary. 
Let 1 I i <j 4 4 and let s, t E R be homogeneous elements. If A denotes the ideal 
generated by the entries of the sum of the s-fold of the ith and the t-fold of the jth column 
of S1 (-) then A is m-primary tf and only if i = 1, j = 4 and s, t are both nonzero 
constants. 
Proof. (i) G Clear. 
=X In case I we have ar2, ar3, a30 > 0 and al0 - c130 > 0 since all entries of S,(-) 
are contained in m. Therefore, in this case the ideals generated by the columns 
of S,(-) are not m-primary. In cases II and III the ideals generated by the entries 
of the first and the last columns are not m-primary. In case II the ideal generated 
by the entries of the third column is not m-primary since cllo - aJo, CX~ > 0 and in 
case III the ideal generated by the entries of the second column is not m-primary since 
a3 > 0 and ai0 - aZo >O. (Note that ai0 -2aZ0 2 0 and ~1~~ > 0 since 
&Mi, n2, M) = 4.) 
The rest is trivial. 
(ii) G: Again clear. 
=X Let J denote the ideal generated by the entries of the ith and the jth column of 
S,( -). Since A E J, J has to be m-primary if A is m-primary. On the other hand, 
A E (s, t) R and therefore, we can assume without loss of generality that either s or t is 
a nonzero constant. If i = 1, j = 4 and A m-primary it is easy to see that s and t are 
both non zero constants. Assume now (i, j) # (1,4). We discuss the different cases in 
order to show that A is not m-primary. 
(I) J is not m-primary excepted for (i, j) = (2,4), 2aao - txZo = 0 and for (i,j) = (3,4), 
a, - 2x31 = 0. But in the first case A c (x1, x3, sx”z,’ - tx~“-‘30)R which is not m- 
primary and, in the second case A E (x1, x2, - SXZ;-“~ - tx~0-a30) R which is also not 
m-primary. 
(II) Note that 2~~~ - cllo > 0 by our assumption. Now J is not m-primary except 
for (i, j) = (1, 2), for (i, j) = (2, 3) cx, - 2a3r = 0 and for (i, j) = (3,4), a, - 2a3i = 0. 
But in the first case A G (x0, x2, sxy - tx;“) R and in the last case 
A E (x1, x2, - sx”; - tx$a-“30 ) R, and therefore, A cannot be m-primary. In the sec- 
ond case A G (sx:’ + tx;“, sx”;’ - tx”;, sZ~$“o-a10 - t2xy) R if t E K\(O) and 
A c (sx”;l’ + tx:“-““x9, sx:’ - txy, s2 x~a30-“10 - t2 x”,‘) R ifs E K\(O) and therefore, 
A is not m-primary in any case. 
(III) Note that 2tqi - a1 > 0 by our assumption. Now, J is not m-primary except 
for (i, j) = (1, 3), for (i, j) = (2, 3) al0 - 2c(,, = 0 and for (i, j) = (2,4), al0 - 2cx2, = 0. 
Like in case II, it is easy to see that A cannot be m-primary in the first and in the last 
case. If (i, j) = (2, 3), a,, = 2az0 we obtain A c (sx”-~~~ + txa,‘“, SX~+“~ -
tXn’ s2x% _ t2 x2%I -ai 
27 3 1 ) R if t E K\(O) and A E (sx~‘-‘~’ + tx?, sx”; - tx:a”-bL’~b;l’, 
s2xa3 3 
_ t2 xp -a1 
) R ifs E K\{O) and, therefore, A is not m-primary in any case. q 
Corollary 2.3. In order to obtain an m-primary idealfrom columns 1 and 4 in Sl( -), s, t 
can be any nonzero constants. 
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Definition 2.4. Assume nl, nz, n3 are as specified above. The numerical semigroup 
(nl, n2, n3) := {Z~Z = CT= 1 zilti, zi nonnegative integers} is said to be (ni, nj) symmet- 
ric, (i,j) G { 1,2, 3}, if for ni = 4id, nj = qjd, d := g.c.d.(ni, nj), we have tik = ziqi + ~jqj 
with nonnegative integers Zi, zj and {i, j, k} = { 1, 2, 3). (n,, nz, n3) is symmetric if it is 
(ni, nj)-symmetric with respect to some subset (i, j} of (1,2, 3). 
Remark 2.5. It follows readily that in case I, (nl, n2, n3) is not symmetric, for II 
(nI, nz, n3) is (nI, n,)-symmetric and for III (nl, n2, n3) is (nl, n,)-symmetric. The case 
(nI, n2, n3) being (n2, n3)-symmetric need not be considered, since then 
p(p(nl, n2, n3)) < 4. 
Remark 2.6. It is easily checked that a minimal generating set for p(n, - n2, n3 - 
nl, n3) is always obtained from 23 by permuting the variables x0 c--) x3, x1 c* x2. 
We need now a result, adapted to our case, which was obtained in [4]. 
Lemma 2.1. p(nI, n2, n3) is a q.c.i. @there exists a product T- ’ of elementary matrices 
such that for some i, 1 I i i 4, the entries of the ith column of S,( -)T-’ generate an 
m-primary ideal and TS,(-) is a minimal homogeneous generating set for p(nl, n2, n3) 
where S ,, := [B,, B2, B3, B,IT. In this case p(n,, n2, n3) is a q.c.i. on the elements 
obtained by deleting the ith element in TSO( -). 
Proof. This follows by Theorem 2.1, Lemma 2.2 and Theorem 3.1 in [4]. 0 
We examine next our matrices S,( -). 
Lemma 2.8. p(nI, n2, n3) is a q.c.i on three binomials in 23 ifSone of the columns in S,( -) 
equals 
[xf, xg,, xp, XgqT, {CL h, k} = (0, 1,2,3}. (*) 
Proof. -z. By [4] P(nl, n2, n3) is a q.c.i on the binomials complementary to the listed 
column in (*). 
=>. The three manic binomials on which p(nl, n2, n3) is a q.c.i can be extended by 
another manic binomial to a minimal generating set of manic binomials of 
p(nl, n2, n3), which up to sign and order is uniquely determined. This means that 
the matrix T in [4] is up to signs a permutation matrix, from which T-’ is up to 
signs a permutation matrix, thus by Lemma 2.7, S,(-) must have already a column 
is in (*). 0 
Proposition 2.9. P(nl, n2, n3) (with p(p(nI, n2, n3)) = 4) is a q.c.i. on three binomials in 
B ifS<nl, n2, n3> and <n3 - n2, n3 - nl, nJ) are symmetric of the same type (i.e. either 
(nl, n2)- and (n3 - n2, n3 - nI)-symmetric or (nI, n3)- and (n3 - n2, n3)-symmetric). 
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Proof. =x By Lemma 2.8 there exists a column (*), which is only possible in case II or 
III with either 2~~~ - a,, = 0 or 2c( 21 - CI~ = 0 (Lemma 2.2 (ii)), which implies 
(n3 - n2, n3 - n, nI) is (n3 - n2, n3 - n,)-symmetric or (11s - n2, nJ-symmetric. The 
needed conclusion now follows by Remark 2.5. 
G If (nr, n2, n3) and (n3 - n2, n3 - n, nI) are symmetric and of the same type, 
then either 2~ - alo = 0 or 2c( 21 - CI~ = 0 from which either in Si(I1) or S1(III) we 
obtain a column as in (*), thus, by Lemma 2.8 p(nl, n2, n3) is a q.c.i. on three 
binomials. 0 
Lemma 2.10. AssUWZe nexf p(nl, n2, Y/3) = (Bi,, Bi2) Bi3, Bia)R, deg(Bi,) I deg(Bi,) 5 
deg(Bi,) I deg(BJ and p(q, n2, n3) is not a q.c.i. on three binomials in 23. Ifp(nl, n2, n3) 
is a q.c.i., then Bi, and Bil are of equal degree and for any IX E K, a # 0, p(nl, n2, n3) is 
a q.c.i. on Bi,, Bi2) Bi, + UBi*. 
Proof. By Theorem 1.7 p := p(n,, n2, n3) is a q.c.i on Bi,, Bi, and F. Clearly, F can be 
taken to be in (Bi3, Bi,)R, i.e. F = gBil + hBi,, where g, h E R are nonzero homogene- 
ous elements with deg(g) + deg(Bi,) = deg(h) + deg(BJ and where h E K since F$mp. 
Examining the matrix T of Lemma 2.7 we can assume that T has two rows of the form 
(0, 0, g, h) and (0, 0, s, t). By Lemma 2.7 the entries of the sum of the s-fold of the i3 th 
and the t-fold of the t4th column of Si( -) generate an m-primary ideal. By Lemma 2.2 
(ii) this is only possible if z (‘3, i4} = { 1,4) and s, t E K\(O). But then g, h E K\(O) and, 
therefore, deg(Bi,) = deg(Bi,). Moreover, since s, t can be choosen arbitrarily (cf. 
Corollary 2.3) we can arrange that g = 1, h = CI for any c( E K, M. # 0. 0 
Remark 2.11. Without loss of generality, we will assume a = 1. By Lemma 2.2 it is 
clear that in case I, the only way to obtain the required column vector is to add 
columns 1 and 4, which is possible iff B1 and B4 are of equal degree. For cases II and 
III, we may also assume that (n3 - n2, n 3 - nl, n3) is symmetric, since otherwise by 
Remark 2.6 we can revert to case I. 
In case III if (n3 - n2, n 3 - nl, n3) is (n3 - n2, n3) symmetric, then by Proposition 
2.9 p(nl, n2, n3) is a q.c.i on three binomials. Otherwise by Remark 2.6 we can revert 
to case II. 
Assume then we are in case II. If 2a 3. - a,, = 0, i.e. if (n3 - n2, n3 - nl, ns) is 
(n3 - n2, ng - n,)-symmetric, we have immediately by Lemma 2.7 that p(ni, n2, n3) is 
a q.c.i. (on binomials). If CI~ - 2~ 31 = 0, i.e. if (n3 - n2, n3 - nl, n3) is (n3 - n2, n3)- 
symmetric, we show that Bl and B4 cannot be of equal degree, thus p(nl, n2, n3) is not 
a q.c.i. in this case. Suppose the degrees are equal. Since CI~ = 2ffjl, CI~ is even, thus 
x2 = txt - 2c(32 is even, from which al0 is even, a contradiction since Bl is irreducible. 
We collect the preceding into the following theorem. 
Theorem 2.12. Assume ,u(p(nl, n2, n3)) = 4. Then p(nl, n2, n3) is a q.c.i. @either 
(9 <nl, n2, n3> and (n3 - n2, n3 - n, nl) are not both symmetric and B1 and B4 are 
of equal degree, or 
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(ii) (nl, n2, n3) and (n3 - n2, n3 - nl, n3) are 
(a) (nl, n&symmetric and (n3 - n2, n3 - n,)-symmetric or 
(b) (ni, n3)-symmetric and (n3 - n2, n&symmetric. 
In case (i) p(nl, n2, n3) is not a q.c.i. on three binomials in 23, in case (ii) it is. 
Example 2.13. We give an example for each of the three possibilities in Theorem 2.12. 
(1) Let n1 = 11, n2 = 18, n3 = 23. 
Then Br = x2xix3 - XT, B2 = x0x: - x:x;, B3 = xix: - x:x;, B4 = x2 - 
xoxlx:. 
(2) Let nl = 1, n2 = 3, n3 = 4. 
Then B1 = xfx2 - x:, B2 = x0x: - x:x3, B3 = x0x3 - x1x2, B4 = xz - x1x3. 
(3) Let nl = 3.7, It2 = 23.5, n3 = 24*7. 
Then B1 = xA”xz - xi6, B2 = xgxz - x:x3, B3 = x;‘x’: - x:x:, B4 = xi4 - 
x:x:. 
In(l) above (nl, n2, n3) and (n3 - n2, n3 - nl, n3) are both not symmetric. Examples 
for (nl, n2, n3) not symmetric, but (n3 - n2, n3 - nl, n3) either (n3 - n2, n3 - nl)- 
symmetric or (n3 - n2, n,)-symmetric and deg(B1) = deg(B,) are as follows: 
(4) Let nl = 7, n2 = 11, n3 = 12. 
Then B1 = xix2xf - x:, B, = x0x: - x:x3, B3 = x0x: - x1x2, 22 B 4=x;- 
x1x:. 
(5) Let It1 = 8, n2 = 15, n3 = 18. 
Then B1 = x:x$x3 - xf, B2 = x0x: - x:x:, B3 = x&v: - x:x:, B4 = x; - 
x0x:. 
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